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The p rob l em is e x a m i n e d  of d e t e r m i n i n g  the axis  of a je t  on  the  c u r -  

va ture  of  the  jet ,  when the  m a t e r i a l  o f  the je t  and tha t  o f  the sur -  

rounding  medium have different densities. 

We have used the same system to solve the prob- 
lem as that in [1], making the appropriate assump- 
tions. Only the most  important practical  case of ef- 
flux of a c i rcu lar  jet perpendicular to a t ransverse  
s t ream (Fig. 1) is considered. 

The forces acting on an element of the jet (Fig. 
la) are  as follows (neglecting viscous friction forces):  

a) the aerodynamic p ressure  force of the c ross  
flow, which is assumed to be proportional to the com- 
ponent of c ross  flow velocity head normal  to the ele- 
ment, i.e. , 

dP = C. p= (w sin a) 2 bdl (1) 
2 

(we consider  the curvature of the jet in the plane of 
symmetry  to be small compared with the thickness 
of the jet), and 

b) the gravitational force,  directed vert ical ly,  

dR = g A p Fdl. (2) 

The above forces are  counterbalanced, according 
to d 'Alember t ' s  principle,  by the centrifugal force on 
the element 

dC= pvv2 Fdt.  
r (3) 

The equilibrium condition in projection on the nor -  
mal to the jet axis is 

dC = --  dP + dRcos u (4) 

or,  substituting from (1)- (3), 

2 Ca  2 2 p~v F=-~-p~w brsin a +gApFrcosu .  (5) 

We shall pursue the solution further ,  using the fol- 
lowing assumptions: 

1. The static p re s su re  in the jet is equal to the 
static p re s su re  in the undisturbed s tream. 

2. The component of jet momentum in a direction 
perpendicular  to that of the c ross  flow, var ies  only 
under the influence of gravitational force 

l 
12 

Po v2 F sin a ---- p~, v F o + j~ g Ap F dl.  (6) 
0 

3. The excess heat content of the jet remains un- 
changed: 

cp~,p,.,FvA T = cpo'9," Fov' A To. (7) 

If the physical propert ies  of the substance of the 
jet and those of the surrounding medium do not differ 
substantially, then, using the equation of state of a 
perfect  gas with p = coast ,  and neglecting the small 
variation of specific heat with temperature (Cpv ~ Cpv,), 
we may obtain instead of (7) the condition for the jet 
to maintain constant buoyancy: 

AO Fv = Ap0 Fov'. (8) 

The last solution is applicable also to the case of 
an isothermal jet, but with an initial density differing 
from that of the surrounding medium. In this case (8) 
should be taken as an initial assumption. 
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Fig. i. Diagram of jet in the transverse stream. 

4. The projection of the mean jet velocity in the 
direction of the cross flow is approximately equal to 

the velocity of the cross flow 

v~ = w.  (O) 
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Experimental data [2] confirm the validity of this 
assumption even at a small distance horizontally from 
the source. 
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Fig. 2. Dependence of re la t ive  coo rd i -  
nates  of the pole of the main  sect ion of 
a jet  on the re la t ive  initial momentum;  

Bear ing  in mind,  fu r ther ,  that  

, -=  (1 d- y, ') , .s/f ,  (lo) 

sin a = y'/(1 d- S )  ~ (11) 

cos a =: (1 "I- Y"~)--o.s, (12) 

and also 

duo ~ dx/v,, (13) 

and using (8) and (9), Eq. (5) may  be put in the f o r m  

, 
U 

p~, v '~ Fo -~- gApo Fo "7~ x = 

(14) 
C~ g,' u' 

- 2 --p" ' ~  g hp0 F0 --w l-~" ' 

o r  in t e r m s  of the d imens ion less  p a r a m e t e r s  

J (I a J~) 7j" 2 
-'u . . . .  ,y0 ~ -c~  b, (15) 

where  the d imens ionless  groups 

to. 
p~,r; T=,v '~ gDo v' ~'Po gDo v '  A To 

~:# P~' rA 'a T 

re f lec t ,  r espec t ive ly ,  the re la t ive  influence of the ini- 
t ial  momentum and the gravi ta t ional  force  on the de-  
velopment  of the jet. 

In o rde r  to solve Eq. (15), it is n e c e s s a r y  to de-  
fine the law of var ia t ion  of width of the jet  (Fig. 1). 
One of the bas ic  fac to r s  determining mixing of the jet 
is the tu rbu lence  c rea ted  by self  mot ion of the jet r e l -  
at ive to the surrounding medium.  In m o s t  cases  we 
may  neglect  the influence of o ther  f ac to r s ,  mainly  
the turbulence  of the c r o s s  flow at a shor t  dis tance 
f r o m  the source ,  where  the re la t ive  veloci ty  of the 
je t  is sti l l  fa i r ly  great .  Then the jet  width mus t  be 
propor t iona l  to the t r a j ec to ry  of the re la t ive  motion 
of the jet  in the sur rounding medium. If we examine 
a jet  in a c r o s s  flow conventional ly consis t ing of th ree  
sec t ions - -an  initial sect ion,  c h a r a c t e r i z e d  by a con-  
s tan t -ve loc i ty  co re ,  a t rans i t ion  sect ion,  and a main  
sect ion,  where  we may  a s sume  v x = wi--then in the 
main  sect ion,  the re la t ive  mot ion  of the jet will occu r  
only in the ve r t i ca l  d i rec t ion ,  and the re fo re  g ~ 
here .  Since v x quickly b e c o m e s  equal to w, the extent 
of the initial and t rans i t ion  sect ions  is compara t ive ly  
smal l ,  and they a re  not examined in our  analys is .  
F r o m  the above,  we may  a s sume  the je t  expansion in 
the main  sect ion to follow a l inear  law of the f o r m  

= c~. ( 1 6 )  

We shall  locate the o r ig in  of coord ina tes ,  t he re fo re ,  
at the a r b i t r a r y  point 0 (Fig. lb) ,  which we shall  call  
the pole o f  the main  sect ion of  the jet.  The pole 0 does 
not coincide with the cen te r  of the exit sect ion of the 
nozzle ,  0i, but is located at a dis tance f r o m  it de-  
s c r ibed  by coord ina tes  ~p and ~p. We shal l  take the 
initial m o m e n t u m  and excess  heat  content of the jet  
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Fig. 3. Calcula t ions  of the shape of the je t  axis:  a) Ac-  
cord ing  to [3]; b) accord ing  to [41; e) accord ing  to (19); 

1) i = 4; 2) 25; 3) lOO. 
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Fig. 4. The influence of Buoyancy force on the shape of 
the jet axis (D o = 7 m; v '  = 12 m/see;  Tco = 283~ AT 0 = 
= 100~ 1) co = 5 m/see;  2) 10 m/see;  a) allowing for 
buoyancy force by (18); b) without allowing for it (19), 

at the pole to be the same as at the exit section of the 
nozzle. Relation (16) is confirmed by experiments with 
isolated cylindrical parts, issuing from a narrow slot- 
shaped source of great length, the nature of whose mix- 
ing is to a large extent similar to that of the separate 
sections of a curved jet [3]. This relation is also sup- 
ported by photographs obtained in tests with jets in a 
cross stream [2, 4]. 

Solution of the differential equation (15) with initial 
conditions: 
when 

; = 0 .  ~=:0 7 ' ->~ (17) 

gives the equation for the curvature of the jet axis in 
the form 

~. : k }/l.v-i- I/2 J;~, (18) 

where 

' ' 3 - -  

k :: ~5 3=/c~c : 2.1v U c o c .  

If the influence of gravitational force is negligibly 
small, i.e., J = 0, Eq. (18) may be simplified: 

3 r ~  

7 "- k V' Ix. (19) 

Note that it is easy to obtain the solution, in the 
same way, for an a rb i t ra ry  initial angle of discharge,  
s0, this being, for a c i rcu la r  jet 

] -- a - 2  

k,.-Tg + l c o s % ~  l s i n % x ! - l / 2 J x  , (20) 

and for a plane jet 

Cn~/2 i l c o s % ~ : : l s i n % x + l / 2 J x " - ,  (21) 
4 

where D o has been replaced by the width of the jet 5 o 
at the nozzle exit. 

In order  to use the solution obtained for pract ical  

calculations, it is necessary  to know the numerical  
value of coefficient k and the coordinates of the pole 

and 
It would be natural to expect that the grea ter  the 

relative value of initial momentum of the jet,  as de- 
noted by graph I, the later  does the main section of 
the jet begin. Curves showing the dependence of ~p 
and Kp on I are given in Fig. 2. They were obtained 
by comparing calculations according to (19) with ex- 
perimental  curves [2, 5]. It may be seen from Fig. 2 
that for values of I 1/2 up to 5, yp remains approxi- 
mately constant and equal to 1. At the same time, the 
value of Xp, which for large values of 11/2 is close to 
zero,  increases  for small values of this parameter  
according to a hyperbolic law, which may be repre -  
sented by 

.~p= I. 6 
- ~  - -  0.26. ( 2 2 )  

This horizontal shift of the pole may be explained by 
the fact that for small relative values of the initial 
momentum, under the action of the strong pressure 
field created by the cross flow, the jet is already de- 
fleeted at the mouth of the nozzle, and issues into the 
stream at an actual initial angle less than the angle at 
which the nozzle is set. 

The question of the influence of the relative value 
of gravitational force (group J) on the position of the 
pole needs experimental investigation. 

From the same experimental data [2, 5], coefficient 
k proves to be a constant, equal approximately to 1.5. 

Figure 3 shows a comparison of the results of cal- 
culations according to (19) and according to formulas 
obtained experimentally [2, 5], in a system of rela- 
tive coordinates xy with their origin at the center of 
the exit section of the nozzle. It may be seen there that 
(19) can replace, with sufficiently high accuracy, the 
two other formulas obtained for the different ranges of 
variation of group I. Calculation according to (19) also 
gives good agreement with the experimental data of 
other authors [6, 7]. 

Figure 4 shows curves drawn for the values of the 
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b a s i c  p a r a m e t e r s  t y p i c a l  of  t h e  c h i m n e y s  of  e l e c t r i c  
p o w e r  s t a t i o n s .  

NOTATION 

~, %,. T~,)mean velocity, density, and absolute temperature at an 
arbitrary section of the jet, respectively; v ' .  ~'~' ,  T:,')velocity, density, 
and absolute temperature at the initial section of the jet, respectively; 
~. ?u,, T~:.)velocity, density, and absolute ~emp~raturr of the cross 
flow, respectively; Z:, - - Pa, - -  ~'v, .X T = T o  - - "  Tw)excess density and 
absolute temperature at an arbitrary section of the jet, respectively; 
-x?c - :  ",w - 2~,', _x T o ~ T v ,  - -  T~ ,  )excess density and absolute tempera- 
ture at the initial section of the jet, respectively; F) area of an arbi- 
trary cross section of the jet; F0) area of the initial cross section of the 
jet; Do) initial diameter of the jet; x, y) current coordinates; l) dis- 
taace along the axis of the jet; b) width of the jet; r) local radius of 
curvature of the jet axis; a) local angle of inclination of the jet axis 
to the horizontaI; g) acceleration due to gravity; .~'~= x / D o ,  -~ ~= Y, Do) 
relative coordinates; ~--- b / D o  ) relative width of the jet; ~p, ~p) rela- 
tive coordinates of the pole of the main section of the jet; Cpv, Cpv,) 
specific heat of the jet at constant pressure at an arbitrary and at the 
initial section of the jet, respectively; Ca) resistance coefficient for 
flow past the jet; C) coefficient of lateral expansion of the jet. 
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